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ATim6SequentialVariable-Threat
Nash'sBargainingProblem*
Tsuneyuki.Namekata
Abstract
Throughoutafinitenumberofperiodstwoplayersobserveanin-
・dependentnonnegativerandomvariableonebyone .Eachtimetheyob-
serve七herandomvariable,ifonlyoneplayerannouncestheobservedvalue
tobeacceptable,hereceivesitactually.Ifbothplayersannounceso,each
ofthemreceivestheobservedvaluewithprobability1/2,Howdothey
behavetomaximizetheirowntotalexpectedpayoffiftheycanannounce
`accept'limitednumberoftime6andcantalkabouttheirdecisioncom -
pletelyateachob3ervation?Weformulatethisproblemintoatimese-
quentialvariable-threatNash'sbargainingone.Animportant馳propertyof
anoptirnalstrategyisinvestigated. ,
1.Introduction
Afinitesequenceofindependentnonnegativerandomvariablesappear
onebyoneb6foretwoplayers.Eachtimetheyobservearandomvariable,『
theycan.announcetheobservedvaluetobeacceptable.Ifonlyoneofthem
announces,herec6ivesitact照lly.Ifbothof 、themannounce,eachofthem
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receivesitwithp・吻bility1/2・Hrwd・th・yb・hav・t・maximizeth・i・
owntotalexpectedpayoffiftheycanannounce'`accepガ1imiteδ ηumberof
timesandcantalkabouttheirdecisioncompletelyateachobservation?馳
Manyauthorsconsidered 、gameversionsofone-sidedsequentlalde-
cisiohproblemssuchasasecretary.problem,astochasticsequentialas.
s重gnmentproblem,andasequentialallocationproblem.Forexample,
Zero-sumgameversionswereconsideredin[6],[工1],[14],and[161.[6]is
concernedwithageneralizationofastochaSticsequentialassignment
problem.[11]and[16]areonesQfasequentialallocationproblem.Non-
、zero.sumgameversionswere』consideredin[2],[4],[5〕,[9],[10],[12],
and[15].[2],[9],and[15]derivedNashequilibriurnstrategiesinthe
contextofsecretaryproblem,・[5]dealtwiththesituationwheretwo
Plaγershadsignedatreaty.[】0]and[ユ2]introducedtheco捻ceptofequi-
libriumneutralfunct1ons.[3]and[13]discussedmultilateralsequential
games.Thus,sofar,non.cooperativetimesequentialgameswereexten.
sivelyinvestigated.Although .non-cooperativefeaturesareimportant
aspects』ofsocialaffairs,cooperativefeatures(especiallythepossibilityof
correlated合trategies)arealsoihlportant.In[1]Nash'sbargainingsolu-
tion鼠rasusedintheselectionofatrajectoryforaspacecraft.Cooperative
featuresplayamoreimportantrolethannon-cooperativeonesin,for
example,Japan-UnitedStatestradeissuesandJapan-Uni七edStatesSe-
curityCooperation.Ofcoursetheactualproblemlikethisisbeyondour
analysisbeca.useofitscomplexity.Inthispaperwetreatarathersimple
sjtuation,formulateitinto .atimesequent三alyariable-threatNash's
bargainingproblem,andinvestigateapropertyofanoptimal・strategy.
Anoutlineofthepaperisasfoll6ws=InSection2weformulate
theproblem..In・Section3apropertyofanoptimalstrategyiscon-
sidered.InSection4somenumericalexa!nplesargdiscussed.
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・2.ModelandFormulation
Afinitesequence{Xπ;、 炉N,N-1,_,1}ofindependentnonnegative
randolnvariableswhichexpressamonetaryvalueappearonebyonebe-
foretwgplayers.Eachtimetheyobservρarandomvariable,theycan
announcetheobservedvaluetobeacceptable.Ifonl夕oneplayeran-
nounces,hereceivesitactually.Ifbothplayersannounce,eachofthem
receivesitwithprobability1/2.Playerゴ(ゴ=1,2)cahannounce`accept'at
・mostlt4`times
.Ho壷dotheybehavetomaximizetheirowntotalex-
pectedpayoffiftheycantalkaboutthe重rdecisioneompletelyateach
・bserva㌻i・n?W・f・ ・m・1・t・thi・p・ ・bl・mi・t・atimeseq・・nti・lt脚 一P・r・・n
variable-threatNas雌'sbargainingone.NaSh'sbargainingproblemisa
sortoftwo-personnon-zero-sumgame[7,8].
Wedefinewhatwemeanbyoptimalproceduresinthefollowing
backwardway.Let@,物,吻2;めdenotethestatewherethereareη
periodsremaining,X。=κisobserved,andplayerゴ(ガ=1,2)9canannounce
`accept'atmost物times
.Iftwoplayersfacethestate(1,勉1,〃22;κ),
thentheyplayatwo-persQnvariable-threatNash'sbargaininggame
whosepayoffmatricesaregivenasfollows:
reJect
器、(器
relect
((0,0)
器,((0,0)(κ,0))
accept・ 、
1鷺)。/、))・f卿1>・ ・nd初,〉 ・,
accept
(0,万))if〃z1=Oand〃22>0 ,
ifη21>Oand〃22=0.
L・t(y孟(吻1,駕2;κ)・ γ舞(吻1・ 魏 ・;ゆb・th・ ・ptim・1.N・ ・h・ ・bit・at・d.
9
payoffofthestate(η,〃z1,〃zゴ;κ)andア あ(〃zl,〃22)二E[yち(〃z1,〃z2;』Xπ)](ゴ
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=1 ,2).Iftwoplayersfacethestate(π+1,勉1,〃22;露),thentheyplaya
two-personvariable。threatNash'sbargaininggamewhosepayoffmatrices
aregivenasfol正ows:
re}ectaccept
::((γ 晃(勉1・.㎜・)・y霧(駕・駕・))(瑚+γ晃(吻「1,吻、),ア舞(勉1-1,〃z、))(。/、灘 麟 ,
1臨 鶴1ヨ)))、'f初'>Oand勉2>0・
reject
((0,y霧(0,甥2))(0,
購縣認
accept
κ+1ノ 霧(0,勉2-1)))if〃z1=Oand〃z2>0,
。),。))・f吻 ・〉 ・ ・nd吻 ・一 ・・
/
.Ifwesolvethesebargainingproblemsrecursively,wecanderivetheop-
tirnalStrategieS.
Supposethatduringaspecifiedperiodfreepassesformoviesaresent
toawell-matchedcoupleone戸yone.Thecouuleareassumedto .have
commoninterestinmovies.Sothepayoffofeachmoviemaybereぎarded
asthesametothecouple,anditmaybeexpressedasanonnegativeran-
domvariable.Eachtimeafreepassissent,thecouplemustdecideto
acceptitornotatonce.Eachofthecoupleisrestrietedtoannounce`ac-
qept'inlnumberintermsof,say,thetotahumberofhisownhoiidaysin
thatperiod.Ifonlyoneoftherndecidestbaccepttheofferedrnovie,he
doesgotoitandacquiresthepayoffofit.Ifbothofthemdecideto
acceptit,eachofthemgoestoitactuallywithprobabiiity1/2.Theval-
ue1/2reflectstheirfairnesstoeach.otherforforthcomingopportunities.
Eachofthecoupleisassumedtobeinterestedinthesumofthepayoffs
thatareassignedtothemoviesheactuallysees,notanyfunctionofthem.
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Thec・ ・pl・are、s・f・i・b・t・a・h・fth・mi・i・t・rest・di…lyhi・ ・w・
totalpayoff.Soinordertoraisehisowngaineachofthecoupleuses
hisownadvantage(theremaining'numberofannounci皿g`accept')at
eachdecisionpointto-theextentthathisoPPon6ntdoesnotfeelthathe・
isunfair.Thereforeitisresonableinthiscasetoassumethatan
optimalprocedureisdeterminedinthebackwardwaydescribedinthe
aboveparagraphsandthattheycometoanagreementoftheircom-
mitrnenttoN・ash'ssolutionateachdecisionpoint.Thusthemodel
discussedintheaboveparagraphsmayapplytothissituation.
3,PropertyofanOptimalStrategy
Notethatoptimalstrategiesarederivedifwesolvethegamesre-
cursivelymentionedinthelastsection.Butingenerelwecannotsolve
themexplicitly.Inthissectionanimportantpropertyofanoptimal
s㌻rategyisexamined・
First,itisobviousthatア轟(〃31,〃z2)=ア 舞(〃z2,ηz1)andonlythecasesof
吻1≧ 駕2needtobeconsideredfrom .thesymmetryoftheprobleln.Define
"πasfollows:』.幽..
・1(駕)一{ぢx1畿:1∴" .
[max{X"+θ 。.、(〃2-1),ρ 。.ユ(吻)}]
〃π(〃z)=;τF π(o"-1(〃z)-zノ π一1(〃3-1))+o"_1(〃z)for駕r1,2,..,,
for勉=0,
　
・… 一 ・,・,…,w…e・ ・(・)一 ∫(・ 一 ・)・・ω ・nd…sc・ ・・・…X・ …(勉)ビ
lsthemaximumpayoffofaplayerwhenthereareπperiodsremaining,he
canannQunce`accept'atmost駕times,andhisoPPonentcannotannounce
`accept'atall
.Onemaアconjecturethatthesumofγ 毒("21,〃22)and
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四(〃31,〃32)i5equalto砺(彫1+吻2)becauseofthe$ymmetryofthegame.
ThefollowingPropertyisconcernedwiththeconjecture,anditsproofis
giveninAppendixl.InthefollowingProperty
Pl-(y轟 一1(勉1,〃z2),
.ア3-1(吻1,勉 ・)),P・ ω 一(・+ア 晃一1(駕r1・ 勉 ・)・
ア舞.1(駕 「1,粥2)),
P・ ⑳ 一(yゐ.1(〃31,〃z2-1),・+y舞一1(翅1・ 駕 ・-1).)…d
Pタ(・)一(・/2+7易 一1(御1「1・ 勉 ・-1),・/2嘱 一1(吻1-1,駕 ・-1))・
property.Ifallthefiverelationsas
{(1)ア 轟.1(〃z1,吻2)-7轟.1(駕「1,初2)≦y髭.1(〃31,〃z2)-y霧.1(〃z1,〃z2-1(2)殊1(瓶物 一1)一ア孟.1(画 一1,町1)≦ 殊1(勉 「1,物)一 ア舞.,)
(甥1-1,〃22-1)for??21≧吻2,
(3)γ 易.i(勉1,〃22)+γ 霧一1(物,'〃22)=θ 。.1(勘+〃32)forall駕1,物,
(4)γ 轟_1(甥1,彿2)≦ γ毒_i(駕1,伽 ・2-1)
{(,)ア 舞一1(勉1,勉,)≦ ア舞.1(甥 「1,駕 、)…all吻1・駕 ・,
」
are・ati・fi・d,th・nth・f・ligwi・gresult・h・ldi・th・・t・t・
(π,吻1,〃22;κ)(働 》甥2>0):
(i)IfO≦ κ≦ 砺_1(駕1十 勉2)一 砺_1(吻1+甥2-1),thehPIisanoptimal
threatpointandtheoptimalNasharbitratedone,thatis,
γ轟(〃2i,〃32;κ)-y轟 一1(〃21,駕2),
{y舞(〃21,〃22;κ).7舞.1(彿1,初 、);
and(reject,reject)isoptirnal・
(ii)Ifz2"-1(窺f+〃z2)-z2"_1(〃31+〃z2-1)≦κ≦ γ易_1(〃z1,〃z2)一 ラ「ゐ_1
(〃Zr1,〃z2)+γ 霧.1(〃21-1,〃z2)一 γ舞一1(窺1,吻2),.
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thenPlisan、optimalthreatpoint,theoptimalNasharbitratedpoillt
isonthesegmentP2(κ)P3(のandisgivenby
γ轟(初1,〃32;'の;κ/2+γ 轟.1(御1,甥2)
一(""-1("z1+吻2)一"π 一1(〃2層1+駕2-1))/2,
γ舞(勉1,7?z2;κ)=κ/2+γ舞_玉(??z1,7π2)
一(〃
。.1(〃z1+〃22)一 び胴(物+〃22-1))/2.
Furthermorethestrategyas(accept,reject)withprobabilityαan
(reject,aCcept)withprobability1一αis6ptimal・where
α=』(∬/2+γ 差.1(勉1,〃32)一 ア轟.1(吻1,甥,-1)一(・。.1("Zl棚 、)一"。-1
(勉1+吻2-1))/2)/(牡 咋1(吻 「1,.翅 、)一 匹1(彿1溜,-1)).
(iii)Ifγ 轟一・(勉1,吻 ・)一 γ轟一1(御1-1・ 吻 ・)・ ア舞一1(駕 「1・ 溺 ・)一 ア舞一・(魏1,.
卿 ・)'≦κ ≦ γ轟一1(勉1-1,勉2-1)-y轟.1(吻'1-1溜 、二1)+四.1伽 「1 ,
駕 、)-7舞 一、(初 「1,〃32-1),
thenP2(κ)isanoptima正threatp6illtandtheoptimalNasharbitrated
one,thatis,
轟(仰¢1,〃Z2;κ)=κ+y轟.1(〃z「1,〃22),
《 霧(吻1,常2;κ)=y舞.1(勉 「1,勉2),
and(accept,reject)isoptimal.
(iv)Ifκ ≧ ア轟_1(〃z1-1,〃22-1`)一アゐ_1(〃21-1,〃z2)
』
+y舞.1(〃Z「1,御2)一 γ舞一1(駕 「1,駕2≦1),
「thenP
4(κ)isanoptimalthreatpOint,theoptimalNasharbitra.ted
pointwhichisonthesegmentP2(κ)P3(κ)isgivenby
7差(〃z1,吻2;の 一 κ/2+γ ゐ.1(駕 「1,〃z2・-1)
1・(　 (一 一1)…-1(一 一・))/・,
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/・ 舞(駕1,〃32;κ);κ/2+y舞.1(〃z1-1,駕2-1)+(毎.1(吻1+物 一 )一 σ。-1(吻1+吻2-2))/呂
and(accept,reje(此)withprobabilityβ、and(reject,accept)withprob-'
ability1一 βisoptimal,whgre・
β=(κ/2+y孟_1(初1-1.,仰z2-1)-17轟_1(伽zl,〃z2-1)+("π_1(〃zl+漉2-1)一
り
o。.1(駕1+吻2-2))/2)/(κ+鶴.1(瑚 一1,〃22)一 γ轟.1(駕1,物 一1)).
Furthermoreア ゐ(〃Z1,〃32)+ア 舞(吻1,佛2)=ρ π(吻1+吻2).・'
Remark1.ByProperty,notethatanoptimalpairofthreatstratg-
giesisgivenwithinthepurestrategies(accept,accept),(relect,reject),
(accept,reject),and(reject,accept),、notinthemixedstrategiesofしhem
becauseofaspecialstructureof.thernodel.
Thispropertysaysthatifthefiverelationsmentionedaboveare
satisfied,then.thesumoftwoplayers'expecte4payoffisgivenbyau母ual
oneφers6nsequentialallocationproblem.Eachplayer'ssharedependson
theirlimitationsofannouncing`accepも'。Thefiverelationsstatethe
following:Themarginalexpectedpayoffofoneplayerisequaltoor
s血allerthanthatoftheotheriftheformercanannounce`accept'more
timesthanthelatter((1)and(2)).Theexpectedpayoffofoneplayerisa
noD三ncreasingfunction、oftheother'slimitati6nofannouncing`accept'
((4)and(5)).AsforthefiverelationswehaveshowninPropertytha.tif
th・fi・prel・ ㌻i・n・(1)・(2),(3)・(4),・・d(5).aresati・fi・df… 一 ん」1,・ ・i・
・therelation(3)forπ=ん.Wewillshowinthefollowingthattherelations
(4)and(5)arealsosatisfiedforπ=々.・(SeeAppendix2foritsproof.)
Remark2.Ifthefiverelations(D,(2),(3),(4),and(ら)inProper-
tyaresatisfiedforπ=々-1,(4)and(5)aresat孟sfiedforη=ん.
WehaveprovedthatifthefiverelationsinPropertyaresatisfiedfor
π;々-1,(3),(4),and(5)aresatisfiedforη`=々.Unfortunatelywehave
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Table1.
state optima工strategy
(1,1,0;κ) (accept,).
(1,1,1;κ)
「
(accept,reject)withprobability1/2・
(relect,accept)withprobability1/2,「
(or(accept,accept))
(2,1,1;κ)
(accept,relect)withprobability1/2.
(reject,accept)withprobability1/2・
,
(2,2,1;κ)
forO≦ 躍≦EX1 」
(accept,reject),
forκ ≧ 彦X1
(accept,rejecのwiむhprobabili毛y〃(2方一βXI)・
(reject,accept)withprobability(κ一EX1)/(2κ 一EX1),
(or(accept,accept))
「
(2,2,2;κ)
「
(accept,reject)withprobability1/2
(reject,accept)withprobability1/2,、
(or(accept,accept))
(3,1,1;の
forO≦ κ≦EX2一 コ[F2(EX1)
(relect,relect),
for∬ ≧EX2-TF2(EXI)
(accept,relect)withprobability1/2
(reject,accept)withprobability1/2
(3,2,1;κ)
「
」
forO≦ κ≦ βX2一 コ「F2(EX」)
(accept,reject)withprobability
α=(κ 一(EX1+τF,(EX1)))/(2・一(EX・+EX1))
(reject,accept)withprobability1一α,
forEXrTF2(EX1)≦ κ≦EX1+τF2(互X1)
(accept,reject),
forκ ≧.∠ヨX1+コ[F2(EX1)
(accept,reject)withbrobability
β=(κ 一(EX2一 τF2(EX1)))/(2κ 一(EX2+EXI))
(reject,accept)withprobability1一β
(3,2,2;躍)
(accept,rej6ct)withpr6bability1/2『
(reject,accept)withprobabi互七y1/2,
F
(or(accept,accept)).
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notbeenabletoprove(1)and(2)forπ=んtillnow.
Letussolvetheproblembackwardforπ 」1,2,and3.Theresultis
listedinTable1.
Theexpectedpayofffunctionsaregiven毎sfollows:
y}(1,0)=EX1,γi(1,0)=0.
γ1(1,1)=yl(1,1)=EX1/2.
γ易(1,1)=yl(1,1)=(EX2+EXI)/2.
ア邊(2,1)-EX・+EX「(τ 。,(EXI)+EX1)/3,ア 蓼(2,1)一(7。1(EXI)+
EXl)/2.
啄2,2)一 γ1(2,2)=(EX2+EX1)/2. ,
γ1(1,1)=y彗(1,1)=[(EX2+EX1)千7'F3(EX2一τF2(EX1))]/2.
ア§(・・1)一[(EX・+EX・+EX1)・ ∫1(EX・-7・,(EX1))4F・ ω
・∬ ・4F・ω ・∬(EX1+TF2(EX1))嫌)]/・,"
(whereo;EX2≒τF2(EX1)and∂=EXl+7F2(EX1)〉
〒フ君(2,1)-=(EX3+EX2+EXI)一ア§(2,1),
、γ1(2,2)=yl(2,2)=(EX3+EX2+EXI)/2.
Tediouscalbulationshowsthatthe
forπ=・2,3,and4.
fiverelationsinPropertyaresatisfie(1
4.NumericalExamples
WehaveshowninPropertyandRemark2thatif(1),(2),(3),
(4),and(5)in.Propertyaresatisfiedfor.2z=々 一1,(3),(4),and(5)are
satisfiedforη=ん.Wediscusswhether(1)and(2)holdornotthrough
foursimplenumericalexamples.Theanswerisaffirma.tive,thatis,the'
fiverel・ ㌻i・n・(1),(2),(3),(4),and(5)`h・正d・pt・ ・-20f・ ・.th・f・ll・wi・g
fourexamples:(DXπ.hasanidenticaluniformdistributionontheinter-
val(0,玉). .(2,3,and4)XπisdistributedasinTables2,3,』and4.
噛
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Table2.pr{X"〒 κ}=P(κ)
κ 0.0 0.25 0.5 0.75 1.0
P@) 0.4' 0.1 0.1 0.1 0.3
Table3.pr{X露=κ}=P(κ)
κ 0.0』 0.25 0.5 0.75
「
1.0
Pω 0.1 0.3 0.3 0.2 0ユ
Table4,
、
Pr{Xπ=κ}=Pπ(躍)
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PI(κ)
P2(κ)
P3(κ)
P4ω
P5ω
P6ω
P7(κ)
P8(κ)
Pg(κ)
PIo(∬)
P11(κ)
P13(ガ)
P13ω`
P14(κ)
P15(κ)
P16(κ)
P17(κ)
P18(勾
PI9(κ)
P20(ガ)
G.0 0.25 0.5 0.75 1.0
?? ???????????????????
?????????????????????
????????
「
??????????
?
??
0.0
0.0
0.0
0、4
0.0
0.3
0.1
0.6
0.6
0,5
0.4
0.4
0.3'
0.5
0,0
0.0
0,0
『 ・0
.1
0.0
0.0
.5.Conclusion
Weconsideredatimesequentialtwo-personvariable-threatNash's
bargainingprob工em,Wederivedasufficientconditionunderwhichthe
optlmalstrategyhad』琶nintuitivelyappealingproperty,thatis,thesumof
陶
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twoplayers'expect『dpayoffisgivenbysolvingausualone-personseq罫en-
tialallocationproblemandeachplayer'ssharedependsontheirlimita-
tionsofannouncing`accept'.Thevalidityofthisconditionisopenin
genθral,butitwasshownthattheconditionissatisfiedinfournumerical
exarnples. 、
Appendix1.ProofofProperty:
Firstweex8m重netheorderofeDdpoin七sofintervalsgivenin(i),(ii),
(iii),and(iv).Themonotdnicityofθ πwith`respectto勉isobviousby
definition.Thus,wehaveby(3)and(5)
o。.1(解1十 佛2)一 θ。.1(〃z1+〃22-1)・ ≦y毒.1(〃z1,〃22)
-y轟 一1(解1-1,〃z2)+ア 霧.1(吻1-1,勉2)一 ア霧.1(吻1,勉 、).
Wehavealso,by(1),(2),and(3),
y易.1(甥1,〃32)-y易.1(勉1-1,〃多2)+γ 舞.1(勉1-1翅2)-y舞.1(勉1,㎜2)
≦ 咋1(〃Zl-1,〃z2-1)一 γ轟.1(甥 「1,卿2)+γ 舞.1(魏 「1,〃32)一 γ霧.1
.(魏 「1,〃z271).
Forconvenience,1etξ1(P)andξ2(P)denotethefirstand.thesecond
componentofP,respectively。Note.tha七Plisonthelineプ1+72=び π一1(吻1+
〃z2),P2(κ)andP3(κ)areontheline71+72=∬+zノ π_1(〃z1+〃3271),andP4
(κ)isontheline71+72=κ+z砺_1(ηz1+〃z2-2)(z椀_1(〃zl+η22)≧〃π_1(〃z1+〃z2-
1)≧oガ1(甥1+吻2-2)).AlsothatP2(のmovesonahorizontalIineasκ
becomeslarge,P3(のonaverticalline,andP4(%)o阜'alinewithslope1.
Fromnowonweprovethestatements(i),(ii),(重ii),and(iv)..In・eachコ
proofweusethefactthat(seeFig.1)anonextremePareto-optimalpoint
Aisthe'Nasharbitratedoneforeverythreatpointwhichliesontheseg-'
皿enthavingthenegativeslopeofthePafeto-optimalse9皿entcontaining
AandthatanextremePareto-optimumBistheNasharbitratedpointfor
ATimeSequentialVariable-ThreatNash'sBargainingProblem
A
35
』
『Fig,』1
everythreatpo圭ntlyinginsidetheanglemadebytwosegmentseachof
whichhaseachofthenegativeslopesoftwoPareto-optimalsegments
containingBrespectively。
(i)Inthiscase,Plisabovethesegment」P2(∬)P3(κ).Sinceξ2(P!)≦
・ξ2(P2(κ))andξ1(P1)≦ ξ1(P3(κ))by(4)and(5、
,atyp三calsituationis
expressedinFig。2。Obvious正yPlisPareto-optimal.WeshowthatPIis
anoptimalthreatpointandthereforetheoptimalNasharbitratedone;If
Player2uses`reject'ashisthreatstrategy,thenthearb鼻tratedpoint
movesonsegmentPIP2(ガ)atplayer1,sdisposal.Playerlwishesto
maximizeitsfirstcomponent.Sohepreferstoannounce`reject,.Ifplayer
luses`reject'ashisthreatstrategy,thenthearbitratedpointmoveson
?? ???????
P2ω
鴨●一 一 一 ● ↑ 一 噸
●P且
、1
?烈 ω
player1'spayoff
Fig.2
???? ?』 ???
Playerl'spayoff
Fig.3
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segmentPIP3(%)atplayer2'sdisposal.Sinceplayer2wishestomaxirnize
itssecondcomponent,heprefers`relect'.Therefore(relect,relect)isan
optirhalpa{rofthreatstrategies.
(ii)Inthiscaseξ2(P2(κ))一 ξ2(P1)≦ ξ1(P含(κ))一 ξ1(pI)andPlis
belowthesegmentP2(のP3(κ).Sinceξ1(P3(∬))一 ξ1(P1)≧ ξ2(P2(κ))一 ξ2
(P1)by`1),Fig・3denotesa .typicalsituation.Notethatanypointonthe
segmentP2(κ)P3(のisPaナeto-optima1.Ifplayer2uses`reject'ashis
threatstrategy,thenthearbitratedDointmovesonthesegmentP2(κ)Q}at
player1'sdisposaLSoplayerluses`rejecガ.Ifplayerluses`reject'ashis
threatstrategy,thenthearbitratedpointmovesonthesegmentP3(のQ
atplayer2'sdisposa1.SoPlayer2use`reject'.Thus(reject,reject)isan
optimalpairofthreatstrategies.AIldtheoptimalNasharbitratedpoint
isgivenbyQ.Furtherifweidentifyapointwithavector,Qisgivenby
thefollowingform;Q .=αP2(め 十(1一 α)P3(κ).
(iii)Sinceξ2(P2(κ))一 ξ2(pI)≦ ξ1(P2(κ))一 ξ1(P1)andξ2(1)2(劣))一
ξ2(P4(κ))≧ ξ1(P2(κ))一 ξ1(P4(κ)),atypicalsituationisgiveninFig.4。
ItisobviousthatP2(幻isPareto-oP七imal.Ifplayer211ses`reject'ashis
threatstrategy,thenthethreatpointmovesonthesθgmentPIP2(のat
P1・yer1;・di・p・ ・al.AmQ・g・rre・p・ndi・g・ ・bit・at・dp・i・t・p1・y6・lpre一
????? ?? ? ?」????
Playe「PsPayoff
Fig.4
?? ???《 ? ???
Play〔}「PsPayoff
Fig,5
ATimeSequentialVariable-ThreatNash'sBargainingProblem
?
??
fersP2(κ)。Soplayerluses`accept'。Ifplayerluses`a6cept'ashis
threatstrategy,thenthethreatpointmovesonthesegrnentP2(のP4(κ)
atplayer2'sdispdsal.Soplayer2uses`reject'。ThusP2(のisanoptimal
threatめointandthereforetheoptimalN母sharbitratedone.
(iv)Sinceξ2(P2(κ))一 ξ2(P4(κ))≦ ξ1(」P2(κ))7ξ1(/)4(κ))andξ1(P2
(∬))≧ ξ1(P3(κ))(byξ重(P3(κ))一 ξ1(P4(∬))=ξ1(P3(0))一ξ1(P4(0))一 κ/2
ゴ
≦ ξ2(P2(0))一 ξ2(P4(0))一 劣/2窟 ξ2(P2(κ))一 一ξ21(P4(劣))≦ ξ1(P2(κ))一 ξ1(P4
(劣))),atypicalsituatiQnisgiveninFig.5.Itisobviousthatanypoint
onthesegmeロtP2(のP3(κ)isParetQ-optimal.Ifplayer2uses`accept'as
histhreatstrategy,thenthearbitratedpointmovesonthesegment1～P3
(κ)atplayer1'sdisposal.So、playerlpreferstoannounce`accept'.If
playerluses`accepガashisthreatstrategy,thenthearbitrat年dpoint
InovesonthesegmentκP2(のatplayer2'sdisposal.Soplayer2prefers
`accept'
.ThusP4(のisanoptimalthreatpointand1～istheoptimalNash
arbitratedpoint.And1～=βP2(κ)+(1一 β)P3(κ).
Thelaststatementthat暢("31,〃z2)+y髭(翅1,勉2)=砺(吻!+吻2)isobvi-
ousbytheabove』 昂rgument.`Q.E.D.
Appendix2.ProofofRemark2:
Itissufficienttoshow
(6.)γ ゐ(駕b駕2;κ)≦ γ毒(駕1,駕2-1;κ),
(7)γ 竃(勉 夏,〃32;κ)≦ γ羅(η¢1-1,駕2;κ),
Firstweshow(6).Itshouldbenoted .thatγ ゐ(甥1,勉2;κ)andyゐ(働,
駕2-1;幻arepiecewiselinearcontinuousnon』decreasingfunctions・ofκof
thefol正owingform:・
γ毒.1(〃ZI,〃z2),
κ/2+γ 毒一1(〃3董,〃22)一
.("々.1(〃31+〃22)一 砂ぬ.1(〃31+吻2-1))/2,
詔(8)
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κ+レ 』(〃3「1,吻2),
κ/2+レ 毒.1(勉 「1,駕2-1)
+(θ 々-1(物+物 一1)一
(9)i/毒(〃z1,駕2-1;κ)=
oん.1(吻1+駕2-2))/2.
yゐ.1(〃21,〃z2-1),
κ/2+γ 毒一1(吻1,駕2-1)一(θ々 -1(吻1『
・+吻2-1)-o々 _1(η21+吻2-2))/2,
κ+y毒 一1(吻 「1,吻2-1),
∬/2+γ 是一1伽 「1,物 一2)+(〃 嗣(物 』
+勉2-2)一 θ々 _1(〃ZI+η22-3))/2,
Intheaboveexpressionweomitacorrespondingintervalof∬whereoneof
therightquantitiesisequa.ltotheleftquantity.Ifweshoweverytermof
therighthandsideof(8)isequaltoorsmallerthanthecorresponding
termof(9},then(6)holds.Thefirst,th丘d,andfourthtermof`8、are
equaltoorsmallerthanthecorrespondingtermsof(9)respectivelybythe
assumptionandtheconcavityofθ 胴(・).Wewillshowthatthesecond
termof(8)isequaltoorsmallerthanthatof(9)、
[・/2癩 一・(初1,吻 ・一 ・)一(〃 ・-1(勉1+勉 、-1)一 … 如1+御 一2))/2]
一[κ/2+γ 毒.1(〃zb駕2)一 軌.1(簡+勉、)一 ρ舟.1伽1+物 一1))/2]
一[(γ 毒_1(鯛1-1 ,駕2-1)-7竃.1(吻 「1,翅 「1)一 レ毒.1吻1,甥 、)+γ 身.1(勉1,
駕2))+2(y竃_1(吻1-1,駕2-1)一 γ竃_1(〃Zl,駕2-1))]/2≧0.
Therefore(6)holds.
Toshow(7),itshouldbealsonotedthatレ 「羅(駕1,〃z2;κ)lmdγ 竃(辮1-
1,駕2;のarepiecewiselinearcontinuouspondecreasingfunctionsofκof
thefollowingform:
嘱 一1(〃Zl,〃z2),.
・1
。/、.7羅.、(_,)一("、.1(_)　 .1
「ATimeSequentialVariable-ThreatNash'sBargainingProblem認
(10)レ 竃(初1,〃32;κ)=
(四¢1十 物2一 ユ))/2,
yβ.1吻 「1,魏2),
κ/2+嘘.1(〃Z「1,物 一1)+(o舟 一1(物
+〃z2-1)rz妬_1(η31+〃z2-2))/2.
(11)照 勿 「1,卿2;劣)=
y彦 一1@一1,駕2),
　
∬/2+y居.1@「1,吻2)一("胴 伽1
+〃32-1)一 θ々 -1(瑚+〃z2-2))/2,
ア竃.1伽 「2,.勉2),
κ/2+γ 竃一1(〃　「2,物 一1)+(ρ 々-i(〃 　正
+駕2-2)-zノ 々_1(吻1+〃z2-3))/2.
、
Sincethethirdtermoftherighthandsid60f(10)isequaltothefirst
termoftherighthandsideof(11),itissufficienttoshowthatthefourth
termoftherighthandside'of(10、isequaltoor6ma正1erthanthatof
(11),whichisobviousbytheassumption母ndtheconcavityofo々-1(・).
'Q
.・E.D.
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